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SOME REMARKS ON THE PRINCIPLES
OF SAINT-VENANT

The validity of the generalized Hooke’s law is checked by the
relations obtained from the solution of the boundary value problem of
the equilibrium of the cylinder, the boundary conditions on the basis of
which are simplified on the basis of the narrowed and general principles
of Saint-Venant. However, these relations are not a generalized Hooke'’s
law, but the kind in which these principles are invisibly present. With
this in mind, they should be called Hooke—Saint-Venant relations. In this
light, the deviation of experimental data from these relations should be
discussed not as a deviation from the generalized Hooke's law, but from
its simplified form by the principles of Saint-Venant. The ratios turned
out to be inconsistent, the experimental points are not located in the way
they envisage. This, it would seem, is the end of the question. But no, the
load-strain diagram has gained independence. Based on the assumption,
as shown in this paper, it began to be considered as an experimentally
determined physical law.

The real deformation, as shown, cannot be explained at all by
expressions (4), according to which the parts of the body do not interact
with each other at all. But the acceptance of this assumption has become
fixed — the tense state must necessarily be uniaxial.

Keywords: Saint-Venant principle, Hooke—Saint-Venant relation,
Hooke’s law, deformation, mechanics of deformable body.

Introduction

Let statically equivalent (having the same main vector and main moment)
distributed loads act on a small part of the body surface. The Saint-Venant principle
states that the deformations and stresses caused by these load distributions differ
little at points sufficiently remote from the places of application of loads [1].
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This is a general formulation of the general principle of Saint-Venant,
which has no convincing proof. In this regard, V. Novatsky noted that «... the
so-formulated Saint-Venant principle, also called the «principle of equivalent
loadsy, is still insufficiently theoretically justified» [1]. This circumstance forced
us to narrow down this principle.

Here is the formulation of the narrowed Saint-Venant principle made by
A. Love [2]: «If the forces acting on a small part of the surface are equivalent to
zero force and zero moment, then the stresses decrease with distance from the
application sites and are negligible at distances significant compared to the linear
size of the loaded part of the body.»

Materials and methods

Axial compression, stretching, undoubtedly represent a process with time-
varying values of loads, stresses, deformations and displacements. Cut out a part
of the sample in the form of a cylinder with a height of 2h and a radius of R.

a b
Figure 1 — Representations of boundary conditions on the bases
of the cylinder, which correspond to
reality (a) and the static boundary value problem (b)

In Figure 1 a, the external forces depend on time. This is something that is
consistent with what is taking place in the trials. Axial stress distribution
in the central cross section

au(r 0 t) u(r 0,7) 6w(r 0,1)

o, (r,0,t) = A( — )+ (A +2u)———= (1
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During loading , it undergoes changes depending on the boundary forces
p,(r,t)> p.(r,t). What is the nature of these changes?
First of all, we note that on the central cross-section with a very small error,

the magnitude of the axial deformation can be assumed constant and equal to

% =¢.(R,0,t). Let’s explain this.
z

Function w(7,z,t) due to the symmetry of the loads at z =0 does not
depend on r, i.e w(r,0,7) =0 (the central cross section remains flat). Here we
can assume that with the values z , close to zero, the function w(r, z,t) very little
depends on r, which allows you to make the above representation. Thus, for the
central cross-section, equation (1) has the form:

6u(r 0 t) u(r 0,7)

0. (r,0,1) = A( Y+ (A +2u)&.(R0,1) 2)

Boundary condition on the lateral surface:
o, (RO0,1) =(A+2m) e, (RO, D)+ A (e, (RO, 0)+&,(R0,1)
we will write in the form:

&.(R,0,t)=- 2 fz,u

(&,(R0,0)+£.(R0,0) ,

and from it we calculate the values of the radial deformation. They turned out to
be not equal to the values of the annular deformation (with the exception of one
point of the diagram) [3-5].

Results and discussion

There is an inequality in the initial part of the diagram &,(R,0,1) = &,(R,0,1).
The predominant development of radial deformations at this stage is what should
happen. Deformation beyond the side face does not have such an obstacle as meets
deformation in the annular direction.

Let’s assume that this inequality persists at internal points, i.e.

ou(r,0,t) o u(r,0,1)
or

7

Multiplying both parts of this inequality by r and, differentiating by r, we
come to inequality:

0*u(r,0,1)

Py =0
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This inequality suggests that at this stage of deformation, the function u(#,0,¢)
the upward concave curve (Fig. 2 a). For such a curve, the sum in the parenthesis of
the right side of equation (2) increases with increasing r, which leads to a decrease
in the magnitude of the axial stress. At this stage, the distribution o_(7,0,f) has
the character indicated in Fig. 3 a.

Then comes the moment when & (R.0:) = £,(R.0,7) If the same equality exists
ou(r,0,)  u(r,0,t)

at the inner points, then
or r

This is the case if the function u(»,0,#) it is straightforward (Fig. 2b). Here
the sum in the parenthesis of the right side of equation (2) is constant, therefore,
constant and o (r,0,7) ( Fig. 3b).

Sharpening the uniformity of the stressed state ¢,(R,0,1) < ¢,(R,0,?)

At this stage, the squeezing action of the internal parts of the body, which
tend to satisfy their need for expansion, apparently increases. If such inequality

or r

also occurs at internal points, then

Figure 2 — Changes in the radial displacement function during loading

Multiplying both parts of this inequality by r and differentiating by r, we

arrive at the inequality M <0-
or?

This inequality suggests that at this stage of deformation, the function u(r,0,)
adownward concave curve (fig. 2 in). For such a curve, the sum in the parenthesis
of the right side of equation (2) decreases with increasing r, which leads to an
increase in the magnitude of the axial stress. At this stage, the distribution o (,0,7)
it has the character indicated in Fig. 3 c.

In the mechanics of a deformable body, the boundary conditions are
represented in the form indicated in Fig. 1b, in which nothing depends on time.

However, the static boundary value problem is not solvable and with such
simplification — efforts p, (), p,(r) unknown. Based on the narrowed principle of
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Saint-Venant, we assume 2, (") =0. C this should be agreed, because this principle
has a theoretical proof.

But what to do with the uncertainty of the function p_(r) ? Here the general
principle of Saint-Venant comes to the rescue. According to him, the unknown
p.(r) it can be replaced with any given distribution, as long as the equality is
satisfied:
2z

P= J-pz(r)rdrdq), 3)

O —y

where P — is the entire axial load.

There are an infinite number of such distributions (some of them are shown
in Fig. 3).

The principle allows replacement even in the form of a single concentrated
force equal to the entire axial force and applied in the center of the cylinder base
(Fig. 3 g). For any specified and unspecified axial force distributions in Fig. 3,
according to this principle, in the central part of the cylinder, there should be:

“)

ENENEN T g . |

[INNEEA] )f“’*‘“\l\ X R2S k |

@ b [ d e f ]

Figure 3 — Equivalent loads, any of which can be replaced by unknown
distributions of external axial forces on the bases of the cylinder

The boundary value problem (equations of equilibrium, compatibility of
deformations and boundary conditions) proves this assumption only for the
distribution of external forces indicated in Fig. 3b:

(1) =0 =P
p , p.(r) e

7t
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For the other distributions indicated and not indicated in Fig. 2, assumption
(4) is no longer a solution to the static boundary value problem and subject to the
reservation h>>R. The possibility of accepting assumption (4) even with some
approximations has not been proven.

Repeated attempts did not give the desired result.

However, by assumption (4) and the relations that follow from it:

P v P 1 P
> gw(r’z):_Eﬁ’ gz(nz):E/rRz'
deformable solid mechanics is widely used. Usually, the generalized Hooke’s
law is identified by the relations (5). But this is not true. This law has the form:

)

gr(rsz) :_%W

gl,(r,z,t):%(a,_ -v(o,+0.) .9¢(r,z,t):%(o'q5 -v(o. +o0,) sz(r,z,t):%(az -v(o, +0o,) (6)

It takes the form (5), if and only if we substitute assumption (4), which
proceeds from the principles of Saint-Venant, into it. Because of this, representation
(5) is more correct, in our opinion, to call the Hooke—Saint-Venant relations.

At the same time, the fact is forgotten that it is mechanically incorrect to
study this process of deformation of bodies by a static boundary-value problem,
and the general principle of Saint-Venant, due to its unprovenness, is still doubtful.
Consequently, the relations (5) are also doubtful.

Assumption (4) is also incorrect. It contradicts what happens in the trials.
Let’s show this by the example of axial compression. Let the sample have sufficient
length, which is stipulated when applying the Saint-Venant principle. Next, we
will consider only the central part of the sample, where, according to this principle,
there should be a uniaxial stress state:

GV(F,Z):O, o, (I",Z):O, G(p(I",Z):O, GZ(V,Z):

RZ

However, the stress state cannot be the same in this part of the sample.

5

a b =3

Figure 4 — Part of the cross section (a), volume element
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(b) and thin-walled cylinder (c)

Figures 4 a and b show a part of the cross section and one of the cylindrical
elements. According to assumption (4), this element does not experience any
influence from the four such elements in contact with it. There is, as it were,
emptiness behind its side faces. In this case, the center of mass of this element
should not move in the radial direction, and the expansion should occur beyond
all the side faces. But we know that the center of mass moves in a radial direction.
The expansion is such that the element remains between the rays 0-3 and 0-4, and
the radial side faces move only in the direction of increasing their radii, which
can only take place if there is interaction with the surrounding elements. Thus,
the voltage:

o,(r,z) o,(r,z) 0,(r,z)

Expressing this interaction cannot be equal to zero during the entire
deformation time. Are their values small?

Let’s cut out a hollow cylinder (Fig. 4c) with internal r and external r + dr
radii. Radial stresses act on the inner and outer side surfaces o, (7,z). hat should
be the magnitudes of these stresses, so that under their action the radii increase
even by some infinitesimal magnitudes. You can imagine their values by mentally
pumping air or liquid into such a cylinder. These stresses, we agree, are not small
at all. There are assumptions, as well as the development of this issue, but this is
all a special case of a particular problem [6,7].

Thus, during the entire time of deformation, the stress state cannot be the
same as it is indicated in assumption (4). According to it, the inner and outer side
surfaces are free, there are no forces on them. The parts of the cylinder located
inside and outside the hollow cylinder have no effect on its deformation.

Conclusions

The child of the general principle of Saint Venant (assumption (4)) turned
the generalized Hooke’s law (6) into one-dimensional relations (5), which
“rewarded” it with almost zero consistency. From the point of view of relations
(5), the body obeys the generalized Hooke’s law if its experimental diagram is
straight from beginning to end [8]. But the diagram is not like that. It is curved,
has a rather complex outline. Consequently, this law, as it is commonly believed,
is not valid. It is possible to partially apply it in the initial part of the diagram, if
this part is straight or close to it. It should be noted here that the straightness of the
initial part is a controversial position. The diagram here also has a curvature. As
noted by academician Yu. N. Rabotnov [9], this can be detected already at small
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deformations the earlier the more perfect the measuring equipment. This led him to
the conclusion that in the field of small deformations there is a systematic deviation
from the law. Thus, there is little left of his solvency. This is the perception of the
generalized Hooke’s law, which is created by the usual criterion.

The generalized Hooke’s law, as is known, is derived from modern ideas
about the molecular structure of bodies [10] and has the form of equations (6).
But, figuratively speaking, it was “forced” to deal only with uniaxial stress states
(4), which it contains and looks like (5). And in this form, the generalized Hooke’s
law, taking the form (5) with the principles of Saint-Venant, «tries» to describe
experimental measurements. And the real stress states are not uniaxial and the
particles of the body still interact with each other.

This is only the visible part of the iceberg. There is also a significant
«underwater» part. If there were no relations (5), apparently, it would not be
necessary to apply experimental data to the plane of load and axial deformation,
i.e. to build a load-strain diagram. Such an application pursued, presumably, one
single goal — to check the vitality of the ratios (5). The ratios turned out to be
inconsistent, the experimental points are not located as they envisage. This, it
would seem, is the end of the question. But no, the load-strain diagram has gained
an independent life. Based on assumption (4), it began to be considered as an
experimentally determined physical law.

The real deformation, as shown above, cannot be explained at all by
expressions (4), according to which the parts of the body do not interact with each
other at all. But the acceptance of this assumption has become fixed — the tense
state must necessarily be uniaxial. However, the load-strain diagram, considered
as a stress-strain diagram, could not be analytically described, although great
mathematicians and mechanics struggled over it.
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CEH-BEHAH INPUHIIMIOTEPI TYPAJIbI KEUBIP ECKEPTYJIEP

T'ykmuiy olcanrnviianaan 3anbiubly OYpblCmblabl YUAUHOPOIY mene-
menOiel mypanvl WeKapaivly ecenmi weuyoeH aiblHaan KamvlHacmap
OoUbIHWA meKcepiiedl, OHblY He2I3IHOe UeKAPAIbIK WAPMmap mapbuli2aH
oicone  ocannvl  Cen-Benan npunyunmepi Heei3iHOe wceHiiOemineoi.
Anatioa, byn kameinacmap I'ykmuly dicannvlianean 3ambl emec, OHbiH
ocvl  npuHyunmepi Kopinbeumin mypde 6boaameld backawia mypi.
Ocvinbl  eckepe omoipwin, onapovl [yk—Cen-Benan kKamuinacel Oen
amazan dicon. Ocbl mypevloan aneanod, modcipubeni depekmepoiy 0Cbl
KamulHacmapoan ayblmiyvl [ YKmbly JCAInbiiaH2an 3aHbIHAH AYbIMKY
peminde emec, ouvly Cen-Benan npunyunmepimen HceHin0emiieen
mMypiHeHn mankpiianysl Kepex. Kamvinacmap 6ail emec 60nvin wiblkmol,
moicipubenix HyKkmenep 0aap Kapacmulpeanoau OpHaaacnaiowi. by
Mocene maycvlizan cuskmul.  Bipak ook, ocykmeme-oedopmayust
Juazpammacsl depbecmikke ue 0010vl. Bomicamza cyliene omuipoin,
oy drcymvicma Kepceminzenoeti, o1 modicipubeni mypoe aHblKmManieam
Qusukanvlk 3ay peminoe Kapacmolpviia 6acmaowl.

83



Topatievipos ynuseepcumeminiy Xabapuwicot, ISSN 2959-068X.
Dusuka, MamemMamura HaHe KOMNbIOMePIK ulabimoap cepusicol. Ne 2, 2023

Kepcemineenoen, naxmol Oepopmayusinet (4) epHexmepmen
mycindipyee 60iMaiiobl, O2an couKec OeHe Oonikmepi Oip-OipiMen
Mmyndem opexemmecnendi. bipax 6yn 6onoxcamowr KabvLioay 6eximindi-
wueneHicKer Kyt Minoemmi mypoe 6ip ocbmi 601ybl Kepex.

Kinmmi ce30ep: Cen-Benan npunyuni, I'yk—Cen-Benan kamuiHacwl,
Tyk 3ansl, depopmayus, 0epopmMayusianamoli OeHe MEXAHUKACHI.

*T. b. /lyiwenanues’, B. I. Mockeun’

?HaloHanbHbII HCCICA0BATENILCKHUI YHUBEPCUTET MOCKOBCKHI
Oueprerunueckuit MacTUTyT, Poccuiickas ®enepanus, . Mockaa.
Marepuan noctynui B penakuuio 16.05.23.

HEKOTOPBIE 3AMEYAHUA O TIPUHIUITIAX CEH-BEHAHA

CocmossimenvHocms 0606wennoeo 3axona Iyka npogepsiemcsi no
COOMHOWEHUSIM, NOTYYEHHbIM U3 PeUleHUs KPAegol 3a0ayu 0 PAGHOGECUU
YUTUHOPA, SPAHUYHbIE YCIOBUSI HA OCHOBAHUAX KOMOPO20 YNPOWEHDbI
Ha OCHOBe CcYdHceHH020 U obujeco npunyunos Cen-Benana. O0Hako, smu
coomuoweHus — e ecmov 0006wennvill 3akon Iyka, a mom e2o 6uo, 8
KOMOPOM He3PUMO RPUCYMCMEYIom 3mu npunyunvl. Mues 6 eudy smo,
ux credyem Hazeamv coomuowenusmu I'yka—Cen-Benana. B smom
ceeme, OMKIOHEHUE ONbIMHBIX OAHHBIX OM IMUX COOMHOUWEHUTL QOJIHCHO
06cycoamvcst He Kak OmKIOHeHue om 0606wenno2o 3axona Iyka, a
om ezo ynpowgennoeo npunyunamu Cen-Benana euda. Coomuoutenus
OKA3aNUCL He COCMOSIMENbHLIMU, ONbIMHbIE MOYKU PACHOAASAIOMCS]
He mak, Kak mo2o OoHu npedycmampusarom. Ha smom, kazanoce 6vl,
eonpoc ucuepnan. Ho nem, ouazpamma naepyska-oegpopmayus oopena
camocmosmenvHocms. Ha ocroeéanuu npeononodcenus, Kax nokazawo
6 OaHHOU pabome, OHA CMALA PACCMAMPUBAMBC KAK  ONbINMHO
onpeoensieMblil PU3UYECKULL 3aKOH.

Peanvroe depopmuposanue, kak NOKA3aHO, HUCKOIBKO He MOICEN
ObIMb 0OBACHEHO GLIPANCEHUAMU (4), O KOMOPOMY HACMU MENA 806CE He
e3aumodeticmeyiom opye ¢ opyeom. Ho npunsimue smozo npeononoxcenust
BAKPENULOCL — HANPAICEHHOE COCMOSHUE HENPEMEHHO OOJIICHO Oblib
OOHOOCHbBIM.

Knrouesvie cnosa: Hpunyun Cen-Benana, coomnowenue I'yka—Cen-
Benana, saxon I'yka, oechopmayus, mexanuxa oegpopmupyemozo menda.
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